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Active colloids and externally actuated semi-flexible filaments provide basic building blocks for
designing autonomously motile micro-machines. Here, we show that a passive semi-flexible filament
can be actuated and transported by attaching an active colloid to its terminus. We study the dy-
namics of this assembly when it is free, tethered, or clamped using overdamped equations of motion
that explicitly account for active fluid flow and the forces it mediates. Linear states are destabilized
by buckling instabilities to produce stable states of non-zero curvature and writhe. We demarcate
boundaries of these states in the two-dimensional parameter space representing dimensionless mea-
sures of polar and apolar activity. Our proposed assembly can be used as a novel component in
the design of micro-machines at low Reynolds number and to study elastic instabilities driven by
“follower” forces.
I. INTRODUCTION
Autonomously actuated slender bodies provide the ba-
sic building blocks for super-diffusive transport at both
the cellular and extra-cellular levels. Classic examples
are flagella and cilia [1]. Flagellar propulsion endows mi-
croorganisms and spermatozoa with motility while cil-
iary layers have diverse functions including the transport
of mucous and other biological fluids [2, 3]. Such active
transport keeps, for instance, the trachea free of dust and
aids the transfer of ovum to the uterus. Ciliary dysfunc-
tion causes many human diseases [2, 4]. It is conceivable
that biomimetic ciliary layers may have therapeutic uses.
Recent experiments have, in fact, been able to transport
genetic material, therapeutic payloads and functionalized
groups to a target using synthetic propulsion systems [5–
11]. Enhanced mixing in the context of microfluidics has
also been realized and has numerous technological ap-
plications [8, 12]. The design of autonomously motile
micro-machines is now a vigorous field of research in-
volving a close dialogue between experiment and theory
[13–17]. Recent surveys of the state-of-the-art are pro-
vided in [6, 10, 18].
In this work, we propose and theoretically analyse a
novel mechanism of actuation of a slender body immersed
in a viscous fluid in conditions where inertia is negligible.
We show that a passive elastic filament can be actuated
by attaching an active colloid to its terminus. The dy-
namics of a such an assembly is unexpectedly rich when
the flow of the surrounding fluid and the forces it me-
diates are taken into account. We study the dynamics,
when the other terminus is free, tethered or clamped, as
a function of the leading modes of activity of the colloid.
From this, we identify states of filament motion that are
most suited for biomimetic tasks such as propulsion and
mixing.
In recent work, Isele-Holder et al [19] have analysed a
converse situation, in which an active filament is attached
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Figure 1. Schematic of a passive filament actuated by an
active colloid attached to its terminus. The Stokes and slip
friction coefficients indicate the nature of the hydrodynamic
interaction between the passive beads of the filament and the
active sphere (see text).
to a passive colloid. Their study in two-dimensions
neglects hydrodynamic interactions. The importance
of hydrodynamic interactions in active systems is well-
established [20]. In the present context, hydrodynamic
interactions can induce instabilities in filaments that are
stable in their absence, and must be considered in the
energy balance that determines the efficiency of active
transport. Our work includes the motion of the ambient
fluid in which dynamics takes place and includes both
the hydrodynamic interaction mediated by the fluid flow
and the viscous dissipation that takes place in the fluid
when computing transport efficiencies.
The theoretical aspect of our study builds on previous
work in which overdamped stochastic equations of motion
were derived for the motion of an active slender body that
takes into account its elasticity, Brownian motion and ac-
tive fluid flow [21]. While the drift terms in the equations
of motion were derived systematically from the solution
of the Stokes equations for active spheres, the diffusion
terms were included through a heuristic argument. Here,
we develop the theory of Brownian motion with hydro-
dynamic interactions of a mixture of active and passive
colloids in which both drift and diffusion terms are de-
rived systematically. We recover the overdamped equa-
tions of [21] when all particles of the mixture are active.
The limit in which exactly one particle of the mixture
is active provides a natural setting for analysing the dy-
namics of a passive filament (considered as a chain of
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2passive particles) actuated by an active colloid, the main
focus of this work.
The remainder of the paper is organized as follows. In
the Section II we develop the theory of the hydrodynam-
ically correlated Brownian motion of a mixture of active
and passive spheres. In the Section III following proce-
dure that is now classical [22], we use the theory of Brow-
nian motion particles to construct equations of motion of
filaments, consisting of a mixture of active and passive
“beads”. In Section IV we take the limit of the above
equations in which all but one particle is active and fur-
ther restrict the activity to the two modes that produce
the most dominant fluid flow. In Section V we perform
a thorough numerical study of the resulting equations
of motions and identify states of motion, in the param-
eter space spanned by the two dimensionless measures
of activity, most suited for biomimetic applications. A
linear stability analysis is performed to locate the values
of these dimensionless measures at which the filament is
actuated and to identify the nature of the dynamical in-
stability through which this actuation is achieved. We
conclude with a discussion and a summary in the section
VI.
II. BROWNIAN MICROHYDRODYNAMICS OF
ACTIVE AND PASSIVE SPHERES
We consider M passive spheres and N − M active
spheres, each of radius a, in an incompressible viscous
fluid. The n-th sphere is centered at Rn, oriented along
pn, translating with linear velocity Vn and rotating
with angular velocity Ωn. The index n runs through
1, . . . ,M,M + 1, . . . , N. While the velocity at a point on
the boundary of a passive colloid is its rigid body mo-
tion, for an active colloid there is an additional active
slip vA(ρn). These lead to the boundary conditions
v(Rn + ρn) =
{
Vn + Ωn × ρn n ∈ passive,
Vn + Ωn × ρn + vA(ρn) n ∈ active,
(1)
which are basic to the mechanics of active and passive
spheres. This method of modelling activity at the surface
of the sphere by an additional velocity slip has been used
earlier in the study of electrophoresis [14, 23, 24] and
in the case of ciliary propulsion of microbes [25]. The
slip in all these studies was assumed to have azimuthal
symmetry about the pn axis. We differ from these earlier
studies by choosing the most general form of the slip that
is consistent with mass conservation [26, 27].
The active slip velocity is conveniently parameterised
by a series expansion in tensorial spherical harmonics
Y(l),
vA (ρn) =
∞∑
l=1
1
(l − 1)!(2l − 3)!!V
(l)
n ·Y(l−1)(ρˆn). (2)
Furthermore, the irreducibility of the tensorial har-
monics implies that the expansion coefficients V(l)n are
tensors of rank l, symmetric and irreducible in their
last l − 1 indices. By using this property, the coeffi-
cients can be decomposed into three irreducible tensors -
V
(ls)
n ,V
(la)
n ,V
(lt)
n - of rank l, l − 1 and l − 2; they corre-
spond to symmetric traceless, antisymmetric and trace
combinations of the reducible indices. We denote the
three irreducible parts by V(lσ) and the suffixes σ = s, a, t
are self-explanatory [27, 28].
For convenience, we introduce special notations for the
lσ = 1a and lσ = 2a coefficients. These, as will be clear
below, are the linear and angular velocities of an isolated
force-free, torque-free active sphere in an unbounded
fluid. They are expressed as 4pia2VAn = −
∫
vA(ρn)dSn
and 4pia2ΩAn = − 32a2
∫
ρn × vA(ρn)dSn.
In the absence of inertia, Newton’s equations for the
spheres reduce to instantaneous balance of forces and
torques,
FHn + F
B
n + ξ
T
n = 0, (3)
THn + T
B
n + ξ
R
n = 0. (4)
Here, FHn and THn are the contact forces and torques
applied by the fluid, given by integrals of the force per
unit area f = σ · ρˆn on the boundary Sn of the n-th
sphere, where ρˆn is the local normal and σ is the Cauchy
stress in the fluid. The spheres may be acted upon by
body forces FBn and body torques TBn , in addition to
the Brownian forces ξTn and Brownian torques ξ
R
n due
to thermal fluctuations in the fluid. In the absence of
activity, the latter must satisfy a fluctuation-dissipation
relation.
The Cauchy stress that determines the contact forces
and torques, is obtained by solving the fluid mechani-
cal equations of motion. For an incompressible fluid in
slow viscous regime, they are the pair of Stokes equa-
tions ∇ · v = 0 and ∇ · σ = 0, expressing local con-
servation of mass and momentum. The Cauchy stress is
σ = −pδ + η(∇v +∇vT ) where p is the pressure and η
is the viscosity. These pair of equations must be solved
with the boundary conditions on the spheres, Eq.(1), and
on any remaining boundaries of the domain.
By invoking the linearity of the Stokes equations, it
can be shown that the contact forces and torques are
linear functions of the boundary condition [28]. They
are related to linear velocity Vm, angular velocity Ωm
and irreducible modes of active slip V(lσ)m as,
FHn = −γTTnm·Vm − γTRnm·Ωm − γ(T, lσ)nm ·V(lσ)m ,
THn = −γRTnm·Vm − γRRnm·Ωm︸ ︷︷ ︸
viscous drag
−γ(R, lσ)nm ·V(lσ)m .︸ ︷︷ ︸
active thrust
In the equation above, we have used the summation con-
vention for repeated particle (n,m) and mode (lσ) in-
dices. The first two terms in each equation are the fa-
miliar many-body Stokes drags, expressed in terms of
3friction matrices γTTnm , γRTnm, γTRnm , γRRnm. The third
terms in each equation are many-body contributions to
the force and torque from activity. The active forces and
torques are dissipative in character but, remarkably, do
not vanish when the spheres are stationary. This reflects
the constant consumption of energy that is necessary to
maintain the active slip, independent of the state of mo-
tion of the sphere. A method for computing the γ matri-
ces in terms of the Green’s function has been proposed
recently [28]. From there it follows that in an unbounded
fluid, the γ(T,lσ)nm decay as r−lnm while the γ
(R,lσ)
nm decay
one power of distance more rapidly as r−(l+1)nm , where
rnm = |Rn −Rm| is the distance between the n-th and
m-th spheres. For n = m, all slip friction matrices other
than γ(T,1s)nn = 6piηaδ and γ
(R,2a)
nn = 8piηa3δ are zero. In-
serting these in the force and torque balance equations,
with external and Brownian contributions set to zero,
shows that Vn = VAn and Ωn = Ω
A
n , justifying their
interpretation advertised above.
The body forces and torques can include externally im-
posed fields, interparticle forces, forces with boundaries
such as hard walls, and forces that may arise from con-
straints such as clamping or pivoting of the filament. We
assume all these forces to be conservative in character,
following, therefore, from the gradient of suitable poten-
tials.
The correlated thermal noises ξTm and ξRm (Eq. 3
and Eq. 4), obey the fluctuation-dissipation theorem
〈ξαnξβm〉 = 2kBT γαβnm, where α, β = T,R. We note that
there is no compensating source of fluctuation for the
dissipation due to activity, as the latter arises from non-
equilibrium processes that hold the system away from
thermodynamic equilibrium.
The force and torque balance equations can now be
used to obtain the velocity and angular velocity, for given
values of slip, body and thermal contributions to the
forces and torques. The equations, though are implicit in
the velocities and angular velocities, which makes their
numerical integration cumbersome. Explicit equations
can be derived by solving the force and torque balance
equations for velocities and angular velocities. In the
the study of passive suspensions, this procedure leads
from the “resistance” formulation to the “mobility” for-
mulation. A similar procedure followed here leads, in
addition to the well-known mobility matrices of Stokes
flow, to a new set of tensorial coefficients that have been
named propulsion matrices [21, 27]. They are related to
the mobility matrices and friction tensors by [28],
pi(T, lσ)nm = −
(
µTTnp · γ(T, lσ)pm + µTRnp · γ(R, lσ)pm
)
, (5a)
pi(R, lσ)nm = −
(
µRTnp · γ(T, lσ)pm + µRRnp · γ(R, lσ)pm
)
. (5b)
where µTTnm, µRTnm, µTRnm and µRRnm are the usual mobility
matrices. We provide explicit expressions for both the
mobility matrices and the propulsion tensors for spheres
in an unbounded fluid in the Appendix. It is convenient
to express the correlated Langevin noises ξT and ξR in
terms of uncorrelated Wiener processes ζT and ζR and
the Cholesky factors of the correlation matrix following
the usual procedure in Brownian dynamics.
With these considerations the equations for Brownian
hydrodynamics of active colloids is
Vn = µ
TT
nm · FBm + µTRnm·TBm +
√
2kBTµTTnm · ζTm +
√
2kBTµTRnm · ζRm + pi(T, lσ)nm ·V(lσ)m (6a)
Ωn = µ
RT
nm·FBm + µRRnm ·TBm︸ ︷︷ ︸
Passive
+
√
2kBTµRTnm · ζTm +
√
2kBTµRRnm · ζRm︸ ︷︷ ︸
Brownian
+ pi(R, lσ)nm ·V(lσ)m︸ ︷︷ ︸
Active
(6b)
In an earlier paper [21], the diffusion terms in this
stochastic differential equation were arrived at by heuris-
tic arguments. Here, we have derived them without such
recourse by appealing directly to force and torque bal-
ance, together with the known form of the Brownian
forces and torques acting on particles in a fluctuating
Stokesian fluid.
III. DIBLOCK ACTIVE FILAMENTS
In this section, we use the overdamped equations of
motion of an active-passive mixture presented above to
model a diblock active filament, consisting of chains of
active and passive beads. In previous work [21, 29, 30],
we modelled an active slender body as a chain of active
spheres. Here, we recall key elements of that work, while
allowing some spheres to be passive.
A filament is obtained by connecting spheres by a po-
tential U that exerts forces FBn = −∇nU on the n-th
sphere. The potential U is the sum of connective, elastic,
and self-avoiding steric potentials [29, 30]. The relative
importance of the lσ mode of activity to the forces due to
these potentials is quantified by dimensionless “activity”
numbers,
Alσ =
∣∣∣γ(T, lσ)nm ·V(lσ)m ∣∣∣
|∇nU | (7)
The filament dynamics is sensitive to the orientation of
4Figure 2. Motion of a passive colloid in the flow of an active colloid. The active is colloid is polar in panel (a), apolar and
extensile in panel (b), and apolar and contractile in panel (c). The streamlines show active flow in the absence of the passive
colloid. The background colour maps to the logarithm of the absolute value of the local flow field normalised by the global
maximum. The large arrows show the direction of the force on the passive colloid exerted by the active flow.
the principal axes pn of the velocity coefficients V
(lσ)
n
relative to the local Frenet-Serret frame attached to the
filament, defined by the tangent t, normal n and binor-
mal b vectors. The most general parametrization of the
relative orientation of the principal axis and the local
frame is pn = α1tn + α2nn + α3bn. Torsional poten-
tials can be introduced to penalize departures from this
preferred orientation or constraint torques can be used
to enforce the orientation exactly. In what follows, we
choose the principal axis to be parallel to the local tan-
gent and enforce this exactly through constraint torques.
Since the orientation of the spheres is now subordinated
to the local filament conformation, there is no indepen-
dent angular degree of freedom. Therefore, the explicit
form of the equation of motion of the diblock active fila-
ment is
R˙n = µ
TT
nm · FBm + µTRnm ·TBm︸ ︷︷ ︸
Passive
+pi(T, lσ)nm ·V(lσ)m︸ ︷︷ ︸
Active
, (8)
where it is understood that V(lσ)n = 0 for the n =
1, . . . ,M passive spheres, and that the torque TBn con-
tains the constraints needed to maintain the principal
axis parallel to the tangent. An estimate of the relative
strengths of noise and activity shows that activity is be-
tween a 100 to a 1000 times more dominant than thermal
fluctuations in many typical situations [11, 28]. Accord-
ingly, we neglect them for the remainder of this work.
We now study a limiting case of these diblock active fil-
aments where all but one sphere is passive. This provides
the model of a passive filament actuated by an active col-
loid.
IV. PASSIVE FILAMENT - ACTIVE COLLOID
We consider a diblock active filament in which the first
N − 1 spheres are passive and the N -th sphere is ac-
tive, illustrated schematically in Fig. (1). The radii of
the active and passive spheres are allowed to be differ-
ent. The slip velocity of the active colloid is truncated at
three terms, including the two leading polar terms and
the leading apolar term,
v(ρn) = R˙n −VAn + 115V(3t)n ·Y(2)︸ ︷︷ ︸
polar
+ V(2s)n ·Y(1)︸ ︷︷ ︸
apolar
(9)
This model is sufficiently general to describe the far-field
flow of a variety of polar and apolar active colloids [26].
We assume that the principal axes of the slip coefficients
are parallel to the tangent vector, tN , at the terminus of
the filament, so that
V
(2s)
N = as0(tNtN −
1
3
δ) (10)
VAN = −
3
5
V
(3t)
N = −
3a2
5
d0tN . (11)
Additionally, we neglect the subdominant contribution
from the constant torques to the equations of motion.
With these consideration, the explicit equation of motion
for the filament and the active colloid are
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Figure 3. Stable states of actuation of a filament which is (a) free, (b) tethered, or (c) clamped, in the parameter space of
A2s and A3t, the dimensionless measures of apolar and polar activity. The net active force on the filament is guaranteed to be
compressive in the fourth quadrant, A2s > 0, A3t < 0. Each dot represents one simulation and the background colours are a
guide to the eye.
R˙n =− 1
6piηa
∇nU − 1
8piη
∑
m6=n
F0F0G ·∇mU + 7a
2
6
F0F1∇NG ·V(2s)N +
a3
10
∇2NG ·V(3t)N ; n,m ∈ filament, (12a)
R˙N =− 1
6piηa
∇NU − 1
8piη
∑
m 6=N
F0F0G ·∇mU −VAN , active colloid. (12b)
Here, F l represents the correction due to the finite size of
the spheres over the usual multipole expansion that im-
plicitly assumes point particles. This Kirkwood-Riseman
pair approximation is know to correct to O((a/b)3),
where b is the mean separation between the spheres of
radius a [30, 31].
From the Eq. 7, it is clear that the two activity modes
yield two activity numbers. In dimensionless units, the-
ses numbers are A2s and A3t and expressed in terms of
various system parameters as,
A2s = 7piηa
4L2s0
κb2
(13)
A3t = 18piηa
3L2d0
5κ
(14)
The principal role of the active sphere is to produce both
a direct local force on the terminus of the filament and
an indirect non-local force on the remaining parts of the
filament mediated through the active contribution to the
hydrodynamic flow. We now investigate the actuating
dynamics of passive filament in the parameter space de-
fined by the above two dimensionless groups.
Fig. (2) provides a good approximation to the local
fluid flow near the terminus, with panel (a) correspond-
ing to A3t < 0, and panels (b) and (c) corresponding,
respectively, to A2s > 0 and A2s < 0.
V. DYNAMICS OF ACTUATION
As a prelude to presenting our main results, we first
study the dynamics of and active and a passive colloid.
The dynamics of the pair is presented in the figure 2.
In panel (a), the active colloid is polar and motile with
VAN 6= 0, while in panels (b) and (c) it is apolar and non-
motile with V(2s)N 6= 0. The choice of the sign of the prin-
cipal value of V(2s)N corresponds to extensile (“pusher”)
and contractile (“puller”) forms of apolar activity. The
fluid-flow around the assembly is computed by using the
Eq. A7 and the directions of movement of the pair for
different cases are shown in white arrows. The direction
and the speed of the pair critically depend on the relative
position and orientation configuration of the colloids and
the modes of activity. Surprisingly, we find that even a
non-motile active colloid can function as a propulsion en-
gine in the vicinity of a passive colloid. “Shakers” become
“movers” in “passive” company. The significance of this
observation for the colloid-filament assembly is explained
below.
We turn now to our main numerical results. In Fig. (3)
we show the state diagram, in the plane of the two di-
mensionless activity parameters, for the filament-colloid
assembly. Positive (negative) values of A2s corresponds
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Figure 4. States of filament actuation for varying boundary conditions and activity. The top, middle, and bottom rows show
a filament that is free, tethered and clamped respectively. The activity varies in the A2s − A3t in such a manner that the
compressive force due to the active colloid increases from left to right in each row. The precise values are tabulated in the
Appendix. Streamlines show the net flow around the assembly, with the background coloured as in Fig. (2).
to extensile (contractile) active flows while positive (neg-
ative) values of A3t corresponds to self-propulsion out-
wards (towards) the assembly. The net effect of the ac-
tive colloid is to produce a force which tends to extend
(compress) the filament, when the parameters are in the
second (fourth) quadrants of the A2s−A3t plane. Thus,
moving diagonally from the second to the fourth quad-
rant leads to an increasing active compression on the fil-
ament. In sequence, we observe a linear state, states in
which the filament is non-linear but has a steady confor-
mation, and finally states in which the filament confor-
mation is a periodic or aperiodic function of time. The
specific values of the activity numbers at which these
states appear depend on the boundary condition (free,
tethered, or clamped) but their sequence remains unal-
tered.
In Fig. (4) we show examples of the linear, non-linear
steady and non-linear unsteady states of actuation, for
each kind of boundary condition and for increasing values
of net compressive activity, with the streamlines of fluid
flow superimposed. The locus of the filament terminus
is shown as a solid line for the non-linear states. The
7Supplementary Information contains animations of some
of these states.
The nature of the dynamical transition from the linear
state to the non-linear states can be quantified by a linear
stability analysis. The variation of the largest non-zero
eigenvalues of the stability matrix as a function of A2s
are shown in Fig. (5). The transition to non-linear state
is through a Hopf bifurcation for free and clamped fila-
ments but through a simple instability for the tethered
for the filament. This is in contrast to a filament of hydro-
dynamically active dipoles in which the free and tethered
states have simple instabilities while the clamped state
has a Hopf bifurcation [21, 30].
Figure 6. Time traces of the writhe of the assembly are pre-
sented with varying polar and apolar dimensionless numbers
A3t and A2s for free (first row) and clamped assembly (second
row). For all the subfigures, we see, that, for low activity both
polar and apolar, the assembly relaxes back to linear confor-
mation; in intermediate activity region, the assemblies, reach
to steady states with constant or slightly oscillating writhe; at
high activity, the assemblies, goes to a steady state with pla-
nar beating with zero writhe. Thus, using writhe along with
the curvature, different regimes of steady states can clearly
be demarcated.
In Fig. (6) we show the time series of the writhe,
W =
1
4pi
∫
C
∫
C
dr1 × dr2 · r1 − r2|r1 − r2|3 (15)
a measure of the helicity of a three dimensional curve C,
where, r1 and r2 are points on the curve. We use the
method in [32] to estimate the integral from the discrete
representation of the curve. The writhe and the curva-
ture are used to demarcate the states in the Fig. (3). In
earlier work, the convex hull of the filament conformation
was used as an order parameter but we have found the
writhe to be a more accurate and discriminatory measure
of the stationary states.
We emphasise that the compressive forces that pro-
duce the rich dynamics have both a local contribution,
communicated directly at the point of contact of the fil-
ament and the colloid and a non-local contribution that
is mediated by the active flow produced by the colloid.
While the local contribution acts directly on the bead to
which the colloid is attached, the non-local contributions
act on all the beads of the filament, though the strength
decreases as the inverse of the square of the separation
between bead and colloid. This non-local transmission
of compressive forces is possible only when momentum
conservation in the fluid is correctly accounted for. Hy-
drodynamic interactions, therefore, are of crucial impor-
tance in the dynamics uncovered here.
From the above analysis, it is now possible to choose
states for specific biomimetic applications. The linear
state of the free filament is the most efficient for transport
and propulsion. Here, only a very small part of the active
energy input is stored elastically in the filament as a small
compression or extension. The balance is spent in trans-
port. These, then, are the most efficient states for active
transport. The non-linear states with steady conforma-
tions produce flow fields that co-rotate with the filament.
These may be useful for producing low Reynolds number
vortex fields in which large particles can be trapped or for
stirring the medium. The non-linear states with unsteady
conformations produce flow fields that promote efficient
mixing of fluid. These may be used as components of
artificial ciliary carpets that can mix and transport fluid
along channels. It is conceivable that the filament-colloid
assembly will find other imaginative uses in biomimetic
applications [8, 12, 33].
VI. DISCUSSION
While the actuation mechanism presented here is un-
doubtedly important in biomimetic applications it also
has a connection to the study of “follower” forces in the
mechanics of beams. These are forces that are always di-
rected inwards along the local tangent at the end of the
beam. The analysis of the instabilities of such a beam
involves non-conservative forces for which the classical
method of Euler is inapplicable [34]. It is has been dif-
ficult to experimentally realize such beams and they re-
main a controversial topic in the theory of elastic stability
[35]. Our design points to a simple experimental realiza-
tion of a slender elastic body driven by a “follower” force
exerted by the active colloid. In addition, it provides
yet another interesting angle for theoretical study, that
is, the role of dissipation in elastic instabilities driven by
non-conservative forces. We suggest these are interest-
ing fields of enquiry in the growing literature on active
filaments [19, 36–41].
In this contribution, we have demonstrated that an
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Figure 5. Variation of the real parts of the largest nonzero eigenvalues λ of the stability matrix are plotted against dimensionless
measure of apolar activity, A2s for free, tethered and clamped boundary conditions. The transitions from the linear state to
non-linear state proceeds via a Hopf bifurcation for the free and clamped cases and through a simple instability in the tethered
case. Γκ is the elastic relaxation rate [29].
elastic passive filament can be actuated without any ex-
ternal field by attaching an active colloid at its termi-
nus. Though we have developed a theory considering
Brownian motion, their contribution has been ignored
in the present analysis. Here we conclude by pointing
that the interplay between activity and Brownian mo-
tion has many interesting consequences that remain to
be explored.
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Appendix A: Hydrodynamic tensors and fluid flow
The mobility and the propulsion tensors can be com-
puted to any desired accuracy and order [28]. The
leading order forms in an unbounded medium, where
Gij =
δij
r +
rirj
r3 , are
8piηµTTnm =
{
4
3aδ m = n
F0F0G(Rn,Rm) m 6= n (A1)
8piηµTRnm =
{
0 m = n
1
2∇m ×G(Rn,Rm) m 6= n
(A2)
8piηµRTnm =
{
0 m = n
1
2∇n ×G(Rn,Rm) m 6= n
(A3)
8piηµRRnm =
{
1
aδ m = n
1
4∇n ×∇m ×G(Rn,Rm) m 6= n
(A4)
The diagonal parts of these matrices are one-body
terms while the off-diagonal parts represent the hydrody-
namic interactions. The diagonal parts are the familiar
Stokes translational and rotational mobilities while the
off-diagonal parts can be recognised as the Rotne-Prager-
Yamakawa tensors [42, 43] and their generalizations to
rotational motion. The Onsager symmetry of the mobil-
ity matrix is manifest in these expressions. Similarly, the
propulsion matrices can also be computed [27], which are
pi(T, l)nm =

δ m = n, lσ = 1s
0 m = n, lσ 6= 1s
clF0F (l−1)∇(l−1)m G(Rn,Rm) m 6= n
(A5)
pi(R, l)nm =

1
aδ m = n, lσ = 2a
0 m = n, lσ 6= 2a
cl
2
∇n ×∇(l−1)m G(Rn,Rm) m 6= n
(A6)
The form of mobility and propulsion matrices, we have
thus got for beads of radius a by considering solution after
9the first iteration, can be computed through alternative
way through the pair-wise superposition approximation,
first introduced by Kirkwood and Riseman [44], in their
contributions on the dynamics of a polymer.
The fluid flow exterior to the filament-colloid assembly,
with the two-mode truncation for the slip, is
v(r) = − 1
8piη
N∑
m=1
F0G ·∇mU +
active︷ ︸︸ ︷
7a2
6
F1∇NG ·V(2s)N
+
a3
10
∇2NG ·V(3t)N . (A7)
This expression is used to plot the streamlines in the
Fig.(2) and Fig.(4).
Appendix B: Simulation parameters
The parameters we choose for the simulation as fol-
lows: bond-length b0 = 4a, bending rigidity κ = 0.1,
spring constant k = 1, non-motile activity or stresslet
strength s0 = −0.5 − 0.5 and motile activity or degen-
erate quadrupole strength d0 = −0.005 − 0.005. The
number of beads in the filament is N = 32. We sim-
ulate the system for several hundred passive relaxation
times Γ−1κ while computing the hydrodynamic tensors at
each time step using the PyStokes library [45]. The ini-
tial condition in all simulations is the linear state with
small-amplitude random transverse perturbations.
Linear Rotation orHelical Planar mode
Free
A2s ' 70 A2s ' 175 A2s ' 245
A3t ' 90 A3t ' 0 A3t ' −60
Tethered
A2s ' 0 A2s ' 70 A2s ' 140
A3t ' 90 A3t ' 60 A3t ' −30
Clamped
A2s ' −35 A2s ' 135 A2s ' 210
A3t ' 120 A3t ' 0 A3t ' −90
Table I. Activity numbers correspond to panels of 4.
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